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I n  v i ew  of t h e  c u r r e n t  t r e n d  t o w a r d  r o u t i n e  d e t e r m i n a t i o n  
of a n i s o t r o p i c  t e m p e r a t u r e  f ac to r s  in c rys t a l  s t r u c t u r e  
ana lyses ,  i t  s eems  w o r t h w h i l e  to  def ine  a n  i so t rop ie  
t e m p e r a t u r e  f a c t o r  w h i c h  we shal l  call  equivalent to  t h e  
a n i s o t r o p i c  c o m p o n e n t s .  T h e r e  are  a n u m b e r  of s i t u a t i o n s  
w h e r e  s u c h  a d e f i n i t i o n  m a y  be c o n v e n i e n t .  I f  an i so t rop i c  
t e m p e r a t u r e  f ac to r s  h a v e  been  d e t e r m i n e d  a n d  t h e  dev ia -  
t i ons  f r o m  i s o t r o p y  do  n o t  a p p e a r  to  be  s ign i f i can t  or  
s e e m  p h y s i c a l l y  unrea l i s t i c ,  i t  w o u l d  s e e m  wise to  i nc lude  
in  t h e  r e p o r t  of s u c h  a n  i n v e s t i g a t i o n  t h e  va lue s  of t h e  
e q u i v a l e n t  i so t rop ic  B ' s .  F u r t h e r m o r e ,  a m o r e  r a p i d  
c o m p a r i s o n  can  be m a d e  b e t w e e n  t h e  t e m p e r a t u r e  
f ac to r s  for  d i f f e ren t  p r o j e c t i o n s  of t h e  s a m e  s t r u c t u r e  or  
for  d i f f e r en t  s t r u c t u r e s  if t h e  e q u i v a l e n t  B ' s  a re  g iven .  
I n  t h e  a u t h o r ' s  expe r i ence ,  occas ion  has  also a r i sen  to  
c h a n g e  f r o m  a n i s o t r o p i c  r e f i n e m e n t  to  i so t rop ic  ref ine-  
m e n t  w h e n  i t  a p p e a r s  t h a t  t h e  d a t a  is n o t  su f f ic ien t  t o  
d e t e r m i n e  m e a n i n g f u l  a n i s o t r o p i c  va lues .  P r o v i s i o n  can  
be m a d e  to  i nc lude  s u c h  a c h a n g e  a u t o m a t i c a l l y  d u r i n g  
t h e  course  of a l e a s t - squa re s  r e f i n e m e n t  b y  a n  e l ec t ron ic  
c o m p u t e r .  

iViatrix n o t a t i o n  p r o v i d e s  a concise  a n d  e l egan t  p resen-  
t a t i o n  of t h e  des i r ed  resu l t s .  W e  def ine  t h e  fo l lowing  
m a t r i c e s  ( the  p r i m e s  d e n o t e  t r a n s p o s e s ) :  

X" -- (xlx2xa) , (1) 

a v e c t o r  w i t h  c o m p o n e n t s  r e f e r r ed  to  t h e  cell axes  

A '  - -  ( a l a , a a )  . (2) 

T h e  v e c t o r  in  d i r ec t  space  de f i ned  b y  X '  is t h e n  g iven  b y  

X ' A  -- x la l  +x2a2+xaa a . (3) 
F u r t h e r  

S" ---- (20zh 2azk 2~l) (4) 

is a v e c t o r  w i t h  c o m p o n e n t s  a l ong  t h e  r ec ip roca l  axes  
A *  w i t h  A *  de f i ned  b y  

A * A '  -- I .  (5)~: 

I t  m a y  be  s h o w n  (Bus ing  & L e v y ,  1958) t h a t  

(AA' )  -1 = A ' A * ' ,  

a r e su l t  w h i c h  will  be u s e d  be low.  

(6) 

t Research per formed under  the  auspices of the  U.S. 
Atomic Energy  Commission. 

~: The use of the  3 × 1 matr ices  A and A* to describe the  
vector  triples in direct  and reciprocal space, implicit  in the  
discussion of section 2-5 of the  International Tables (1952), 
is ex t remely  convenient  in a var ie ty  of circumstances,  and, 
in the  au thor ' s  opinion should be more  generally used in 
discussions of th is  type.  In  performing operat ions involving 
these matrices,  one need only r emember  tha t  aia] is to be 
in te rpre ted  as ai" a], and  hence tha t  mult ipl icat ions involving 
more than two of these matrices do not in general obey the 
associative law of multiplication. For example, (AA')(AA') 
is not equivalent to A(AA')A'. 

in revised form 18 February 1959) 

I t  has  b e e n  s h o w n  (Cochran ,  1954)§ t h a t  if t h e  t h e r m a l  
m o t i o n  of a n  a t o m  is de sc r i bed  b y  

p ( X )  = IM]~/~u-s/2 exp  ( - - X ' M X )  (7) 

t h e n  t h e  s c a t t e r i n g  f a c t o r  m u s t  be m u l t i p l i e d  b y  

t (S)  ---- exp  [ - - S ' B S ]  (8) 

w i t h  t h e  temperature factor m a t r i x  B d e f i n e d  b y  t 

B ---- ¼ M  -1 .  (9)  

I t  m a y  be  s h o w n  (Waser ,  1955) b y  a t r a n s f o r m a t i o n  to  
o r t h o g o n a l  axes  a n d  i n t e g r a t i o n  t h a t  t h e  m e a n  v a l u e  of 
r 2 is g iven  b y  

<r2> -- ( X ' A A ' X )  = 2 T r ( B A A ' ) .  (10) 

B u t  t h i s  m a y  be  s h o w n  to  be e q u i v a l e n t  to  

(r2> = 2 A ' B A .  (10a) 

:Now for  i s o t r o p y  of t h e r m a l  m o t i o n  we k n o w  t h a t  

i.e. 

t (S)  = exp  [ - - B  sin 2 0/22] (11) 

= exp  -- ~ S ' ( A A ' ) - I S  ( l l a )  

B 
Bisotropie = ~ (AA')  -1 • (12) 

Given an anisotropic thermal motion, we define the 
equivalent isotropie motion as that which gives rise to 

the same value of r 2 (the same value of the energy in 
the first vibrational state). Thus we may write 

B 
16~z 2 A ' ( A A ' ) - I A  = A ' B A ,  (13) 

or, n o t i n g  t h a t  A ' ( A A ' ) - I A  ---- 3, 

160z 2 
B ---- - - ~  A ' B A .  (14) 

Frequent practice among crystallographers is to refine 
the components of a matrix b such that 

w i t h  
H ' b H  ---- S ' B S  (15)  

I-I" -- (hkl). (16) 

§ Cochran discusses the  relationship between the  isotropic 
and anisotropic t empera tu re  factors, and, specifically, intro- 
duces a distorted reciprocal lattice for aid in graphical  deter-  
ruination of the  anisotropic t empera tu re  factor  once the  
components  of thermal  v ibra t ion are known. 

t Equa t ions  (8) and (9) follow from (7) provided tha t  the 
scat ter ing center  and hence f (S)  are spherically symmetr ica l  
in the  absence of thermal  mot ion.  
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I t  fol lows t h a t  
b = 4n"B (17) 

a n d  t h a t  
B = ~}A'bA = ~}.a~.~b~(a~ . a s ) .  (18) 

I f  s o m e  of t h e  c o m p o n e n t s  of t h e  b m a t r i x  are  un -  
k n o w n ,  for  e x a m p l e ,  if r e f i n e m e n t  is ca r r ied  o u t  in t w o  
d i m e n s i o n s  on ly ,  one  m a y  still  o b t a i n  a n  e q u i v a l e n t  
i so t rop ic  t e m p e r a t u r e  f ac to r  b y  a s s u m i n g  t h a t  t h e  
u n k n o w n  c o m p o n e n t s  of t h e  a n i s o t r o p i c  m a t r i x  a n d  t h e  
i so t rop ic  m a t r i x  are  iden t ica l ,  i.e., we m a y  set  

B 
b~ = ~ (AA' )~  ~ (19) 

B 
= ~ (A*A* ' ) i j  (19a) 

4 

b y  v i r t u e  of (6). 
S u p p o s e  we h a v e  r e f ined  an  [001] p r o j e c t i o n ;  we m a y  

wr i t e  

i B a'c* cos fl* b n  bl~ 

b ---- ] bl~ b29 _ B b ' c *  cos a* (20) 

I 4 

Ba*c* cos fl* B b ,c ,  cos a ,  B c ,  2 
4 4 ,2 

a n d  a p p l y i n g  (18), we f i nd  a f t e r  some  m a n i p u l a t i o n  t h a t  
t h e  e q u i v a l e n t  i so t rop ic  t e m p e r a t u r e  f a c t o r  is 

4 
B -- [a°'bn+ab cos y(2blp)+b°'b22] . (21) 

1 + (cc*) 2 

I t  s h o u l d  be  p o i n t e d  o u t  t h a t  t h e  e q u i v a l e n t  i so t rop ic  
t e m p e r a t u r e  f a c t o r  de f ined  he re  is n o t  necessa r i ly  t h a t  
w h i c h  w o u l d  m i n i m i z e  t h e  l e a s t - squa re s  error .  Th i s  cou ld  
be  f o u n d  on ly  b y  t a k i n g  in to  a c c o u n t  t h e  l ea s t - squa re s  
e r ro r  m a t r i x  for  t h e  i n d i v i d u a l  c o m p o n e n t s .  
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I n  a r e c e n t  s h o r t  c o m m u n i c a t i o n ,  K r a u t  (1958) ha s  
p r o p o s e d  a s y s t e m a t i c  m e t h o d  of sca l ing  a se t  of m u t u a l l y  
i n t e r s e c t i n g  rec ip roca l  l a t t i ce  p l anes  o b t a i n e d  us ing  zero- 
level  p recess ion  c a m e r a  p h o t o g r a p h s .  T h e  p u r p o s e  of t h i s  
p a p e r  is to  p r o p o s e  an  a l t e r n a t i v e  m e t h o d  app l i cab l e  
w h e r e  n o t  all p l a n e s  are  m u t u a l l y  i n t e r sec t ing ,  as  w h e n  
u p p e r  level  p h o t o g r a p h s  are  used .  

K r a u t ' s  m e t h o d  m a y  be br ie f ly  s u m m a r i z e d  as fo l lows:  
I f / c i  is t h e  des i red  sca l ing  c o n s t a n t  for  r ec ip roca l  l a t t i ce  
p lane  i or  f i lm i, a n d  if r~j is t h e  a v e r a g e  v a l u e  of t h e  
r e c i p r o c a l - p o i n t - b y - p o i n t  r a t io  b e t w e e n  re f l ec t ions  oc- 
cu r r i ng  on f i lms  i a n d  j ,  or  r~j = <Ii(hkO/Ii(hkO>, t h e n  t h e  
des i red  c o n s t a n t  for f i lm i is g iven  b y :  

1c~ = L llj= ~I rijrjn rnj J (1) 

w h e r e  n is t h e  t o t a l  n u m b e r  of p l anes  a n d  kn is a r b i t r a r i l y  
chosen  to  be  u n i t y .  T h e  c r i t e r ion  l ead ing  to  th i s  e q u a t i o n  
is the minimization of the following ftmcti0n with respect 
to  all log kj 's  

F ( k ~ , r ~ j )  = _ _ l o g  - l o g , . , 5  • ( 2 )  
i=1  j = l  

This approach is inapplicable to upper level photographs, 
in w h i c h  case t h e r e  are  p l anes  w h i c h  do  n o t  i n t e r sec t ,  
for  he re  ril a n d  rj~ are  i n d e t e r m i n a t e  quan t i t i e s .  I t  is n o t  
co r rec t  s i m p l y  to  o m i t  s u c h  t e r m s  f r o m  t h e  p r o d u c t ,  
for  th i s  i m p l i c i t l y  a s s m n e s  t h a t  r~i/rj~ = 1, w h i c h  cou ld  
be  t r u e  on ly  if t h e  sca l ing  c o n s t a n t s  for t h e  two  p l anes  
were  iden t i ca l .  

I n  t h e  p rocess  of o b t a i n i n g  d a t a  for a F o u r i e r  syn the s i s  

of m y o g l o b i n  w i t h  2 A r e s o l u t i o n  we col lect  t w e n t y - t w o  
sets  of zero a n d  u p p e r  level p recess ion  p h o t o g r a p h s ,  
of t h e  t y p e  h , n , l ( n  = 0 to  6), h , k , n ( n  = 0 to  6), 
a n d  h, k, k- -n  (n = 0 to  7). W e  h a v e  f o u n d  t h e  fo l lowing  
to  be a c o n v e n i e n t  m e t h o d  of sca l ing  t he se  f i lms  so as to  
m a k e  t h e  m a x i m u m  poss ib le  use  of f i lm in t e r s ec t i on .  
Def ine  J t j  as t h e  s u m  of all r e f lec t ions  on  f i lm i w h i c h  
are  c o m m o n  to  f i lm j ,  a n d  J j i  as  a s imi la r  s u m  on  f i lm j .  
Because  of r ec ip roca l - space  s y m m e t r y  t he se  m a y  lie on  
m o r e  t h a n  one  row.  I f  i a n d  j do  n o t  in t e r sec t ,  t h e n  
J t l  = Jj~ = 0, b u t  b o t h  m a y  be cons ide red  f o r m a l l y  as 
p r e s e n t .  Def ine  kj as  t h e  des i red  seal ing c o n s t a n t  for  f i l m j .  
I f  t h e r e  were  no  e x p e r i m e n t a l  e r rors  t h e n  t h e  ' r e s idua l '  
for one  pa i r  of p l a n e s  w o u l d  be zero w h e n  p r o p e r  sca l ing  
c o n s t a n t s  were  u s e d :  eii = kiJ, j--kjJj ,  = 0. Th i s  is n e v e r  
real ized,  b u t  t h e  bes t  se t  of k ' s  will be t h a t  m i n i m i z i n g  
t h e  s u m  of squa res  of res idua ls ,  t h e  s u m  be ing  t a k e n  ove r  
all pa i r s  of i n t e r s e c t i n g  f i lms.  F r o m  a f o r m a l  v i e w p o i n t  
t h e  s u m  m a y  be t a k e n  ove r  all poss ib le  c o m b i n a t i o n s  of 

planes with the above stipulation about J values of non- 
i n t e r s e c t i n g  p lanes .  

E = ~ ~ (]ciJ~j--lcjJj~) ~ . (3) 
i = l  j = l  

D i f f e r e n t i a t i o n  w i t h  r e spec t  to  a p a r t i c u l a r  ki y i e lds :  

(k~J~j-k~J~iJij) = O. (4) 
j= l  

F o r  conven i ence ,  J i i  m a y  be de f i ned  as zero,  s ince t h e  
t e r m s  w i t h  j ---- i cancel .  

C h a n g i n g  to  a m o r e  c o n v e n i e n t  n o m e n c l a t u r e ,  l e t :  


